Motivated by work of C. U. Jensen, R.-O. Buchweitz, and H. Flenner, we prove the following result. Let R be a commutative Noetherian ring and a an ideal in the Jacobson radical of R. Let R a be the a-adic completion of R. If M is a finitely generated R-module such that Ext i R ( R a , M ) = 0 for all i = 0, then M is a-adically complete. 2000 Mathematics Subject Classification. 13B35, 13D07, 13D25, 13D45, 13J10.
Introduction
A result of Jensen [13, (8.1) ] characterizes the completeness property of a semilocal ring in terms of Ext-vanishing: If R is a commutative noetherian ring, then it is a finite product of complete local rings if and only if Ext i R (B, M ) = 0 for i = 0 whenever B is flat and M is finitely generated over R. In their investigation of Hochschild homology, Buchweitz and Flenner recover one implication of the local case of this result from the following [3, (2.3) ]. Let R be a ring and m ⊂ R a maximal ideal; if M is an m-adically complete R-module, then Ext i R (B, M ) = 0 for all i = 0 and each flat R-module B; see also [9, (3.7) ] for the local case.
In this paper, we investigate converses to the Buchweitz-Flenner result: If M is an R-module such that Ext i R (B, M ) = 0 for all i = 0 and each flat R-module B, must M be m-adically complete? One sees readily that this need not be the case when M is not finitely generated. If R is a local domain with dim(R) > 0 and M is the quotient field of R, then M is not m-adically complete. However, M is injective so Ext i R (B, M ) = 0 for all i = 0 and each R-module B. The following result is proved at the beginning of Section 3. When M finitely generated, it shows that the completeness of M can be ascertained from the vanishing of the Ext-modules against a single flat module, namely R.
Theorem A. Let R be a commutative Noetherian ring and a an ideal in the Jacobson radical of R. Let R a be the a-adic completion of R. If M is a finitely generated R-module such that Ext i R ( R a , M ) = 0 for all i = 0, then M is a-adically complete.
One consequence of this result is the following extension; see Corollary 3.7.
Corollary B. Let M, N be finitely generated R-modules and t an integer such that Ext i R (N, M ) = 0 for each i < t. If Ext i R ( N a , M ) = 0 for each i = t, then Ext i R (N, M ) = 0 for each i = t and Ext t R (N, M ) is a-adically complete.
To prove these results, we employ a combination of classical module-theory and derived category techniques. Preliminary module-theoretic results are presented in Section 1. Requisite derived category notions are discussed in Section 2.
Analytic conductor submodules
Throughout this work, R is a commutative Noetherian ring and a is an ideal contained in the Jacobson radical of R. Lemma 1.1. If M is a finitely generated R-module, then M admits a unique maximal a-adically complete submodule C a M . Proof. Let C a (M ) denote the collection of a-adically complete submodules of M which is nonempty because it contains the zero submodule. Since M is Noetherian, this collection contains maximal elements. Let N, N ′ ∈ C a (M ) be maximal elements and suppose that N = N ′ . By maximality, one has N ⊆ N ′ and so N N + N ′ . In particular, N + N ′ is not a-adically complete. As N ′ is aadically complete, so is every homomorphic image of N ′ . In particular, the quotient
shows that N + N ′ is a-adically complete since N is so, providing a contradiction. Thus, N = N ′ and the maximal element of C a (M ) is unique.
The submodule C a M is the analytic conductor of M with respect to a. It is the largest R-submodule of M that is also an R a -module. In the remainder of this section we document basic properties of this submodule for use in the sequel. Lemma 1.2. If M is a finitely generated R-module, then the natural inclusion Hom R ( R a , C a M ) → Hom R ( R a , M ) is bijective. Proof. By left-exactness of Hom R ( R a , −) the given map is injective. To see that this map is surjective, fix f ∈ Hom R ( R a , M ); it suffices to show that Im(f ) ⊆ C a M . The image Im(f ) is a homomorphic image of the a-adically complete R-module R a and is therefore a-adically complete. The desired conclusion follows from Lemma 1.1.
M is a-adically complete and hence an R a -module. For each m ∈ C a M the homothety µ m : R a → C a M given by r → rm is well-defined and Rlinear. Observe that the map
Proof. If Hom R ( R a , M ) = 0, then Lemmas 1.2 and 1.3 imply C a M = 0 as follows.
Derived local homology and cohomology
We work in the derived category D(R) of complexes of R-modules, indexed homologically. References on the subject include [10, 12] . A complex X is homologically bounded to the right if H i (X) = 0 for all i ≪ 0; it is homologically degreewise finite if H i (X) is finitely generated for each i; it is homologically finite if ⊕ i H i (X) is finitely generated; and it is homologically concentrated in degree s if H i (X) = 0 for all i = s. Isomorphisms in D(R) are identified by the symbol ≃, as are quasiisomorphisms in the category of complexes. For X, Y ∈ D(R) set inf(X) and sup(X) to be the infimum and supremum, respectively, of the set {n ∈ Z | H n (X) = 0}. Let X ⊗ L R Y and RHom R (X, Y ) denote the left-derived tensor product and right-derived homomorphism complexes, respectively.
The left-derived local homology and right-derived local cohomology functors with support in an ideal a are denote LΛ a (−) and RΓ a (−), respectively; see [11, 1] . These are computed as follows. If P ≃ − → X ≃ − → J are K-projective and K-injective resolutions, respectively, as in [2, 15] , then
Note that the functor Γ a (−) is left-exact while Λ a (−) is neither left-nor right-exact.
2.1.
Here is a catalog of properties of LΛ a (−) and RΓ a (−) that we will utilize. . .
(g) If X is homologically bounded to the right, then it admits a K-projective resolution P ≃ − → X such that X i = 0 for each i inf(X), and so inf(LΛ a (X)) = inf(Λ a (P )) inf(P ) = inf(X).
We now verify facts about LΛ a (−) and RΓ a (−) for the sequel.
Proof. The equivalence 2.1(c) shows that it suffices to check that the morphism
is an isomorphism in D(R). In the following commutative diagram
is an isomorphism. The final statement follows from the additivity of LΛ a (−). Lemma 2.3. If M, N are homologically finite R-complexes, then the complex X = RHom R (N, M ) is homologically degreewise finite and LΛ a (X) ≃ X ⊗ L R R a . In particular, one has inf(LΛ a (X)) = inf(X) and sup(LΛ a (X)) = sup(X).
Proof. The finiteness of each H i (X) is standard. A verification of the isomorphism is essentially in [6, Proof of (5.9)]. The flatness of R → R a implies H i (LΛ a (X)) ∼ = H i (X) ⊗ L R R a , and the equalities follow from the faithful flatness of R → R a .
Detecting completeness
Proof of Theorem A. We may assume that M is indecomposable. Indeed, write
If the result holds for indecomposable modules, then one concludes that each M j is complete, and hence so is M ∼ = ⊕ t j=1 M j . We shall be done once we show that the exact sequence 
Indeed, the sequences ( †) and ( ‡) represent elements
ˆa) respectively. If the sequence ( ‡) splits, then η = 0. As a is in the Jacobson radical of R, the map ε : R → R a is faithfully flat, and the induced map
The image of η under this map is η = 0, so η = 0, and ( †) splits.
Consider the following diagram in which f g = 1 C a M and h = ig.
ˆa . This provides the desired conclusion.
We next prove a vanishing result akin to [3, (2.3) ]. See Remark 3.2 for a comparison of the hypotheses "M is a-adically complete" and "M ≃ LΛ a (M )." (A module M such that M ≃ LΛ a (M ) is said to be "homotopically a-adically complete" in [7] .) Note that M is not assumed to be finitely generated. Proof. The assumption M ≃ LΛ a (M ) and isomorphism R a ≃ LΛ a (R) of 2.1(e) provide (1) and (5) in the following sequence Theorem A provides the converse to [3, (2. 3)] when R is local and M is finitely generated. This is the implication (iii) =⇒ (i) in the next result. The implication (i) =⇒ (ii) is in [9, (3.7)] or [3, (2. 3)], while the implication (ii) =⇒ (iii) is trivial. Proof. Theorem A implies that C is a-adically complete and hence C ≃ C ⊗ R R a ≃ C ⊗ L R R a . By [5, (5.8)] the complex C ⊗ L R R a is R a -semidualizing. This provides (1) in the following sequence while (4) and (5) are by hypothesis
≃ RHom R (C, C)
Here is a version of Theorem A for complexes. = inf(LΛ a (M ))
s (7) = sup(M ) (8) inf(M )
while (4) is by assumtion, (6) is by 2.1(g), (7) is proved above, and (8) 
Since this is homologically concentrated in degree s, one has Ext R i ( R a , H s (M )) = 0 for each i = 0. Theorem A implies that H s (M ) is a-adically complete.
The next result contains Corollary B from the introduction. Since R is local, the module N = 0 is free and Hom R (N, M ) ∼ = M n for some n > 0. Because M n is a-adically complete, the same is true of M .
